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The t empe ra tu r e  dis tr ibut ion in an are  column of finite length is t rea ted  as a two-dimensional  
nonlinear  boundary-value  p rob lem with the cooling effect  of the e lec t rodes  taken into account.  
The sharp  t empe ra tu r e  drop near  the e lec t rodes  is  r ep resen ted  by a thermal  bounda ry l aye r  
of the a r c ,  without explicit ly consider ing the s t ruc tu re  of the zones adjacent to the e l e c -  
t rodes ,  The t empe ra tu r e ,  the thermal  f luxes into the e lec t rodes ,  and the field intensity as 
well  as the voltage in the a rc  a re  calculated.  

In the theory of an a r c - d i s c h a r g e  column stabil ized by wal ls  no considera t ion is usually given to i ts  
t he rma l  in terac t ion  with the e lec t rodes .  Only energy l o s se s  in the radial  direct ion are  accounted for ,  the 
column is considered sufficiently long and lengthwise homogeneous [1]. One fur ther  a s s u m e s  that  the 
n e a r - e l e c t r o d e  regions ,  namely the cathode and the anode fall,  separa te  the column f rom the e lec t rodes  
and that the l a t t e r  in te rac t  with those narrow potential  fall zones only. F r o m  the point of view of i n t e r -  
action k inet ics  and p l a s m a - s o l i d  t ransi t ion,  this s t r i c t  but predominant  in teract ion between the e lec t rodes  
and the zones adjoining them r em a i ns  unquestionable.  However ,  the t empera tu re  drops  between the column 
and the e lec t rodes  reaoh severa l  thousand degrees .  At the e lect rode segments  the t empe ra tu r e  is ma in -  
tained nea r  the melt ing point somewhere  within 2000-4000~ while the t empera tu re  in the column reaches  
5000-15,000~ or  higher ,  depending on the cur ren t ,  on the medium,  and on other  conditions under which 
the a rc  is sustained.  The exis tence of such a la rge  t e m p e r a t u r e  drop must  r e su l t  in an intensive heat  flow 
to the e lec t rodes  and, consequently,  the cyl indrical  s y m m e t r y  in the regions  adjoining the e lec t rodes  must  
become  considerably  dis tor ted.  Large  the rmal  fluxes enter ing the e lec t rodes  have,  indeed, been obse rved  
exper imenta l ly  and have been es t imated  by the rough fo rmulas  OT = i(AV, �9 ~0), which do not indicate,  
however ,  how these the rma l  f luxes depend on the cur ren t ,  on the gas and the gas p r e s s u r e ,  or  on the geom-  
e t ry  of the d ischarge  gap [2], because  the magnitudes of the voltage drops  AU, in the nea r - e l ec t rode  r e -  
gions a re  de te rmined  by tes t .  The sharp  distinction between the nea r - e l ec t rode  zones and the a rc  column 
is usual ly emphas ized .  Under prevai l ing la rge  t e m p e r a t u r e  drops  between the column and the  e lec t rodes ,  
however ,  the na r rowness  of the n e a r - e l e c t r o d e  regions  (it can be measu red  in t e r m s  of the f ree  e l ec t ron -  
flight path) should cause the cooling effect  of the e lec t rodes  on the column to spread  over  wider  d is tances  
and the the rma l  in teract ion between the column and the e lec t rodes  to be more  p rec i se  than had been con-  
s idered before .  F r o m  the point of view of t empe ra tu r e  dis tr ibut ion along the discharge axis ,  the n e a r -  
e lec t rode zones may be t rea ted  as a the rmal  boundary l aye r .  The the rmal  in teract ion between the column 
and the e lec t rodes  can then be studied, to a f i r s t  approximat ion,  without accounting for  p roce s s  kinet ics  in 
the nea r - e l ec t ro de  zones.  The sharp  dec rease  in t empe ra tu r e  and in conductivity near  the e lec t rodes  mus t  
lead to a sha rp  inc rease  in field intensity , to ensure  that the total d ischarge cur ren t  be maintained constant 
in the n e a r - e l e c t r o d e  zones where  the voltage drops  a re  correspondingly  la rge .  Actual a rc ,  especia l ly  
h igh-power  a r c s ,  a re  often not more  than a few cen t ime te r s  long and the effect  of the e lec t rodes  may in this 
case  be pa r t i c i l a r ly  significant.  Considerat ion of the cooling effect  of the e lec t rodes  on the energy balance 
in the column may be expected to yield a be t te r  ag reemen t  between calculated and observed  column t e m -  
p e r a t u r e s ,  especia l ly  at medium and heavy cur ren t s ,  to make it possible  to calculate the the rmal  fluxes 
enter ing the e lec t rodes  and to calculate  the e lec t rodes  w e a r ,  also to yield a more  accura te  calculation of 
the total a rc  voltage for a r c s  of finite length. 
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Fig. 1. Distributions along the discharge axis with i / r  w = 3.1 -10 3 A /m and 5 t = 0.18: 1) temperature  
T / T m ;  2) potential U; 3) field intensity E, and 4) thermal  flux q/51. 

Fig. 2. Discharge pa ramete r s  as function of the cur ren t  at 6~ -- 0.18 and r w = 10 -2 m: 1) thermal 
flux into an electrode at the axis, qv (kW/m2); 2} field intensity at the electrode Ecv (V/m); 3) max-  
imum tempera ture ,  T m (~ 4) voltage in the are ,  U d (V}; 5) field intensity at the center  of column E cc 
(V/m).  

We will analyze the column of ~/n arc  discharge under constant p ressu re  along the z ' - ax i s  of a tube 
with the radius r w and the distance l d between the e lect rodes .  Taking into considerat ion the radial as well 
as the axial heat flow (disregarding gravi ty and, therefore ,  convection), we will write the equation of heat 

r 
balance wi th  respect  to the thermal potential S = [ XdT and Ohm's  law: 

5' 

�9 - -  r '  - -  o ' c E ~ - -  Q i = 0 ,  r' Or' Or ] + Oz '2 
r w 

i = ~ Ec~r (2) 
0 

The radiation losses  per unit volume Oi(S) do not include here  reabsorpt ion,  and the field intensity in the 
column E c (z') is assumed constant over  its c ro s s  section. The temperature  at the wall of the discharge 
tube will assumed known and this, together with the finiteness of temperature  at the axis, yields the follow- 
ing conditions: 

s (r ' ,  z') = Sw; OS (0, z'). = 0. (3) 
Or' 

An essential  difficulty here  is the formulation of the boundary conditions at the e lectrodes .  The actual 
boundary conditions for the tempera ture  at the end sections of the e lectrodes  must include several  factors :  
different p rocess  pa r ame te r s  at the cathode and at the anode, incomplete coverage of the electrode tips 
with basal spots,  and dependence of the a rea  covered on the current ,  on the temperature  distribution ac ross  
a tip surface as well as ac ros s  the region between electrode and wall, etc. A prec ise  accounting of all 
these effects is difficult, and approximately defined boundary conditions may be adequate for calculation 
purposes.  In o rde r  to formulate  them, we will assume that the temperature  at the centers  of the discharge 
spots on an electrode - on the cathode as well as on the anode - is equal to the melting point of the e lec -  
trode mater ia l .  For  the tip sect ions of the e lect rodes  one may approximate function S as follows: 

s (r'. z;) = sw + (s~--  s ~ ) , ,  ~ . (4) 

where S v are the values of S at the centers  of electrode spots,  r is the value of a function which dec reases  
monotonically f rom the axis to the wall along a profile determined by the p rocess  pa ramete r s  of the 
eIectrode:  ~v(0) = 1, ~v(1) = r = 0. Such a statement of the boundary conditions at the electrode tip 
surface is admissible for e lec t rodes  without forced cooling. When the e lect rodes  are cooled intensively 
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(e.g.0 with wa te r ) ,  the t e m p e r a t u r e  of the e lec t rode spots is  unknown and it  becomes  n e c e s s a r y  to es tabl ish 
a condition of the third kind. Var ious  kinds of boundary conditions may be given at the anode and at the 
cathode. In the configurat ion cons idered  he re  we do not account for  the evaporat ion of e lec t rode mate r i a l  
and for  changes in the p l a s m a  composi t ion due to an injection of e lect rode ma te r i a l ,  also not for  radia t ion 
f r o m  the e lec t rode  su r face ,  etc.  Energy for  the evapora t ing  of the e lec t rode ma te r i a l  also comes  f r o m  the 
d ischarge  column. Since it  is  not included in the boundary condition (4), this should make the the rmal  
f luxes f r o m  the a rc  column to an e lec t rode  tip sur face  appear  s m a l l e r  with apparent ly  l i t t le effect ,  how-  
eve r ,  on the t he rma l  fluxes enter ing the bulk of the e lec t rodes .  A more  p rec i se  s ta tement  per ta in ing to 
the in te r face  of the a rc  column with an e lec t rode  would requi re  that the boundary condition be e x p r e s s e d  
in a nonl inear  f o r m  [3]: 

OT (r', z'~) 
L Oz' =L~gradT+LevG(T)W~T~"  (4') 

This  r epo r t  will be l imited to an approximate  solution of the p rob lem as s ta ted by Eqs.  (1)-(4), which 
will yield significant  r e su l t s  even though condition (4) is  only approximate .  

The fundamental  equations and the boundary conditions will be conver ted  into a d imens ion less  fo rm,  
with the or igin  of coordinates  at the center  of the column between the e lec t rodes :  

6 02y + 1 0 ( O y )  
Oz' V-  " Or r - ~ -  + ~ (y) ~ '  (z) - ~q (y) = 0, {5) 

1 

1 = e (z) ~ ~,'dr, (6) 
0 

y ( l ,  z) = oy(o, z) = o, {7) 
Or 

y(r, -4.- 1) = a~p~(r), (8) 

where  5 = 4 4  w / / ~ '  y = (S -Sw) /S* '  r = r ' / r w ,  z = 2z ' / l d ,  av = (Sv -Sw) /S* ,  cr = ~c /~ , ,  E = E c / E , ,  /3 = Q,r2 w 

/S*, and Q =Qi)Q*" The quanti t ies  S, and E ,  a re  de te rmined  f r o m  the ra t ios  

~,E2 2 
r~ = 1; i = 1, 

S. E.c.2ztr~ 

while o-, a n d Q .  a re  de te rmined  a f te r  the introduction of specif ic  functions at(S) and Qi(S). 

The p re sence  of the smal l  d i ame te r  6 with the second der iva t ive  in (5) conf i rms  the exis tence  of 
boundary l a y e r s  near  the e lec t rodes  [4]. In addition to the nonlineari ty  of Eqs.  (5) and (6), this c r e a t e s  
g rea t  diff icul t ies  in solving our  two-dimensional  boundary-va lue  p rob lem.  Considering that of m o s t  in-  
t e r e s t  in this r e po r t  i s  the t e m p e r a t u r e  dis t r ibut ion along the d ischarge  axis ,  we will find an approximate  
solution to the p rob lem (5)-(8) by the d i rec t  method o r  reducing it  to ord inary  equations and stopping at the 
f i r s t  approximat ion,  as  was  done in [5]. We will thus seek  the approximate  solution in the f o r m  y = a(z) 
�9 $ (r), where  4,(r) is the given function which sa t i s f ies  conditions (7) and a(z) is  a new unknown function. In 
o rde r  to de te rmine  the l a t t e r ,  we e l iminate  E f r o m  (5) by means  of (6) and then average  (5) as well  as  (8) 
ove r  the c r o s s  sect ion of the d ischarge  tube. We obtain an ord inary  different ial  equation and the boundary 
conditions for  a(z): 

d2a 1 
dz-- T -  a + _ - 1 3 ~  (a)  = o ,  ( 9 )  o (a)[~'  (l) l 

a ( +  t) = c%1 , (10) 

l 

4r2~mx " ~ ( a ) =  crrdr; Q(a)=  Qrdr; ~ 1 -  ; a ~ x = ~ ;  m~== ,~,rdr; rn n where  61= l~[~b'(1)] ' . S , l , ' ( 1 ) ]  rn 1 
0 0 0 

1 

= .f ,"rdr. 
o 
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The solut ion to the b o u n d a r y - v a l u e  p r o b l e m  (9) '(10) is found in q u a d r a t u r e s .  

The r e so lu t ion  of a(z) is  d e t e r m i n e d  f r o m  the equat ion:  
a 

z --  zm ~ da (11) 
V ~  =-4-~. V F(a)-F(am) ' 

am 

w h e r e  F ' (a)  = 2f(a) = a - 1/(['r (a)1 ~' (1)I) + filQ (a), and am(Zm) is the m a x i m u m  value of a(z) on the in te rva l  
( - 1 , 1 )  d e t e r m i n e d  toge the r  with z m f r o m  the s y s t e m  of equat ions :  

am a m 
z . + l  = ~  da . zm-- I ~ da (12) 
V ~-~ ] / F  (a) - -  Y (a,~) ' t#s ] / F  (a) - -  F (a~) " 

The t h e r m a l  flux a long the co lumn  axis  is d e t e r m i n e d  f r o m  the equat ion 

qo (z) = +_ q,  V F  (a) - -  F (a . ) ,  

w h e r e  

(13)  

S,  I / f l a P ' ( I ) [  
q* = r---~- F mx 

W h e n a  = avl, Eq. (13) y ie lds  the t h e r m a l  f luxes  going into the e l e c t r o d e s .  They  i n c r e a s e  s l ight ly  as  the a r c  
b e c o m e s  longer ,  till qv ~ q m a x  fo r  l d ~ oo; that  6 i ~ 0, is expla ined by the h igher  t e m p e r a t u r e  g rad ien t s  
at  h igher  t e m p e r a t u r e s  Tin,  r e s u l t i n g  f r o m  a r educed  cool ing  ef fec t  of  an e l ec t rode .  Also a m ~ao,  w h e r e  
a 0 is  the solut ion to (9) at  51 =0.  F o r  all p r a c t i c a l  p u r p o s e s ,  the t he rma l  f luxes into the e l e c t r o d e s  do not 
s igni f icant ly  depend on am,  and for  not  v e r y  sho r t  a r e s  ( 2 r w / l  d -< 1) one may r ep l ace  qv by qmax in the 
ca lcu la t ions .  Thus ,  

qmax = q* VI F (~x) - -  F (%) . (14) 

The d i s t r i bu t ions  of  f ield in tens i ty  and potent ia l  a long the d i s c h a r g e  axis  a r e  defined by the e x p r e s s i o n s  

u (z) = ( E  (z) dz, 1 
E (z) = ~ (a) " 

i )  
- - 1  

with U, = E ,  l d. 

In o r d e r  to r evea l  the ef fec t  of  accoun t ing  for  the e l e c t r o d e s ,  we wil l  show the r e s u l t s  of  n u m e r i c a l  
ca lcu la t ions  p e r f o r m e d  fo r  the s p e c i f i c  case  w h e r e  the e l ec t r i ca l  conduct iv i ty  is app rox ima ted  by a p o w e r -  
law re la t ion :  Gc = o-n ( S - S w ) n  with r ad ia t ion  d i s r e g a r d e d  with s y m m e t r i c a l  bounda ry  condi t ions  a s -  
sumed  at the e l e c t r o d e s .  Such boundary  condi t ions  o c c u r  app rox ima te ly  in a r c s  wi thout  a cathode spot ,  
when  one m a y  a s s u m e  that  Ca - r - ~ = J0( t t l r )  with tt i = 2.405 and S c = S a. (For  a r c s  with a cathode spot  
one m a y  a s s u m e ,  for  example ,  

exp (--  ?r ~) - -  exp (--  y) 

1 - -  exp (--  y) 

whe re  the p a r a m e t e r  y is  d e t e r m i n e d  by the c u r r e n t  dens i ty  at the e l ec t rode  spots . )  F o r  n i t rogen  at a t m o -  
sphe r i c  p r e s s u r e  and graphi te  e l e c t r o d e s  one may  a s s u m e  n = 2; o- 2 = 10 -~ m / ~  .W, S. = 2.93.102 (i/rw)Z/s 
W / m ;  S v = 4.68 "102 W / m ,  and a v = 0.883; S w << S v. 

The axial d i s t r ibu t ion  of  T,  E, q, and U a re  shown in Fig.  1. The boundary  l a y e r  at  each e l ec t rode  
is  c l e a r l y  in ev idence  h e r e ,  in t e r m s  of t e m p e r a t u r e  as  well  as  in t e r m s  of field in tens i ty  and vol tage .  The 
dependence  of  the bas i c  quant i t ies  on the c u r r e n t  is shown in Fig.  2. The p r e s e n c e  of a boundary  l a y e r  r e -  
su l ts  in a modi f i ca t ion  of the f i e l d - c u r r e n t  c h a r a c t e r i s t i c  along the d i s c h a r g e  axis .  While the field vs  
c u r r e n t  cu rve  is fa l l ing in a r c  r e g i ons  fa r  f r o m  an e l ec t rode ,  it b e c o m e s  r i s i ng  nea r  the e l e c t r o d e s .  This 
is expla ined by the t e m p e r a t u r e  and the conduct iv i ty  at  the e l ec t rode  s u r f a c e s ,  both d e t e r m i n e d  by the 
boundary  condi t ions ,  being independent  of  the c u r r e n t .  The ex i s tence  of  co lumn sec t ions  with a r i s i n g  
f i e l d - c u r r e n t  c h a r a c t e r i s t i c  c o r r e s p o n d s  to the appea rance  of  a r i s i n g  b ranch  in the v o l t - a m p e r e  cu rve ,  
which does  not appea r  when 51 = 0 with a p o w e r - l a w  approx ima t ion  of  O-c(S). The loca t ion  of the m i n i m u m  
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on the v o l t - a m p e r e  curve is approximated by the equation: U d = U, [U 0 + U16~ n (i/rw)n ] and depends on 61. 
For  the values listed ear l ie r ,  U 0 = 2.26; U 1 = 2.56; m = 0.583, and n = 0.417. The voltage ac ross  the arc  
and the amplitudes of the near -e lec t rode  voltage drops,  which are obtained f rom the potential curve by 
extending the l inear  portion of the curve all the way to the e lectrodes ,  agree sufficiently well with the test  
values in [1]. 

The solution corresponding to the original sys tem (1)-(4) is asymptotic with respect  to the a rc  c u r -  
rent ,  since the boundary conditions at the e lectrodes  become invalid at i --* 0. At the same time, the t em-  
perature  distribution in the arc  discharge with even a small a rc  cur rent  is very different f rom that d i s t r i -  
bution with no a rc  cur rent  and is adequately well described by this sys tem of equations. This comment  
applies also to the thermal fluxes. 

With the specific values given ear l ie r ,  qmax increases  almost  l inearly with the arc  cur rent  and 
real is t ic  values are  obtained for the thermal  fluxes beginning at 1-2 A o r  heavier  currents .  

It was not possible to compare the calculated thermal  fluxes into the electrodes with experimental  
data direct ly,  because the thermal flux measurements  were  not available to the author. The measurements  
for vacuum arc  are given in [6] and the charac te r  of the relation (linear) as well as the magnitudes of the 
thermal fluxes agree closely with calculations according to formula  (14). The comparison with the data in 
[6] must  be not considered entirely valid, however,  since the calculations were made for ni trogen at a tmo-  
spheric p res su re .  It would be interest ing to measure  the thermal  fluxes into the electrodes according to 
the procedure  in [6] for a rcs  in air .  

The obtained resul ts  show that the approach proposed here allows one to calculate several  basic  
proper t ies  of an a rc  discharge whose length is finite, as observed in pract ice ,  without going into detail as 
to the kinetic pat tern near the e lectrodes .  
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N O T A T I O N  

cylindrical  coordinates;  
tube radius; 
a rc  length; 
current ;  
field intensity in the column; 
tempera ture ;  
thermal conductivity of plasma; 
e lectr ical  conductivity; 
thermal  potential; 
energy loss  due to radiation, per unit volume; 
total thermal  flux; 
specific thermal flux; 
near -e lec t rode  potential drop; 
work function; 
thermal  conductivity of electrode material ;  
evaporation heat of electrode mater ia l ;  
dimensionless thermal potential at the tube axis; 
S-distribution function over the c ross  section. 

S u b s c  

W 
V = c , a  

c 

m 

o 

r i p t s  

denotes condition at the wall; 
conditions at the cathode and the anode respect ively;  
indicates the fundamental magnitude; 
conditions in the column; 
point of maximum a; 
conditions in a discharge without e lectrodes.  
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